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The equation of motion of a heavy solid with a fixed point is transformed, us-
ing isothermal coordinates on the inertia ellipsoid, to the equations of plane
motion of a fictitious material point, The Poincaré method of small parameter
is used to prove the existence of a new family of periodic solutions of the pro-~
blem in question, It is assumed that the solid differs little from a solid with dy-
namic axial symmetry,

Let us consider the motion of a heavy solid about a fixed point, We denote by p,
g, and 7 the projections of the angular velocity of the body on the principal axes of
inertia; «,B8, and P are the direction cosines of the vertical; 4,8 and ¢
are the principal moments of inertia; ¢ # and ¢ are the coordinates of the center
of gravity in the moving coordinate system. The Lagrangian
(D
L="1 (Ap* + Bi* + Cr*) — mg (ad + BB + oy)

of the problem does not contain the angle of precession ¥, and this makes it possible
to transform the equation of motion using the Routh method and a cyclic integral
L/ o = Ao (V'a + 8'cos ¢) + BB (p'f — 0'in ¢) + Cy (p'y + ¢")=f

Here f  is an arbitrary constant, @ and § are the angles of self-rotation and
nutation, respectively,
The Routh function can be written in the present case in the form [1]

B = Rz + Rl + RO
Ry, = -;— D {(p'?C (Aa? - BB?)— 2¢°0°Cy (Aacos ¢ — Bf sin ¢) +

eog(%. (A cos? ¢ - Bsin? ) — (Aa cos ¢ — Bf sin ‘PV}}

Ry = fD [¢°Cy -+ 0" (4a cos ¢ — Bf sin ¢)]
Ro = —mg (aa -+ bB -+ cv) — Yof2D

where V' D denotes the disturbance from the fixed point to the tangent plane of the in-

ertia ellipsoid
D! = Aa? 4 BB 4 Cy?
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568 Motions of a heavy solid with a fixed point

Next we shall camry out two coordinate transformations, one after the other, First we in-
troduce the isothermal coordinates » and s  on the surface of the inertia ellipsoid
using the formulas

Aret Snu 0 dnucns
¢ =Arce nusns = 8recosTgn

in which the modulus of the elliptical functions of the argument » is k=1[(4

—B)C /(4 — C)BY and the elliptical functions of the argument § depend on
the auxilliary modulus & = (1 — k2. The next coordinate transformation is given
by the relations

8
x=§u1(u)du. y=—{m ) ds

0

u,

#y2 (u) = Asn?u-- Ben?

The Routh function can be written in the new variables in the form

ey e S o m@haE) L f v M
Rl v 37 T *F A m@

Ck [ su?s
I == k" gy +cntu M=1—cn2ucnls

1
A= —d—n—g;-(Akﬁsnzu 4 Bk*cn2usn?s 4 C dn?u cn? s)

v (@)= Cdn?u -+ k(4 —B)sn?ucn’®y
n2
vy(s) = Coents— k2 (A— B) v

M@ =saucnudnu, Ay(s)=snsens/dns

Next we transform the equations of motion

d (OR\ OR _0U  d (OR\ OR _OU
G \Fr )T 8z = 9z’ di \oy / dy Oy

taking into account the kinetic energy integral

Iy, (S)] -
"2’“[(&‘:‘) +<dt> =U+h
in which the function U is defined by the second term of (1) written in the new var-

jables, and £~ is a constant,
Introducing now a new regularizing variable with the help of the relation dt =
Idr, we obtain the following system of equations of motion
(2

" , oV " , v
" —fQy =, YO =5

Q= m{vz( L) [M(u)]'i-’\?l(u) as [AXIS)]}

I 2
V=T[h"“ s (aksnu-bkenusns4-cdnucns)— zfA]
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where prime denotes differentiation with respectto .

In this manner we have reduced the equations of motion of a solid to a fourth order
system describing the motion of a fictitious material point in a plane, under the action
of potential and gyroscopic forces.

The transformed system admits the Jacobi integral

R 14

Next we prove the existence of and construct the periodic solutions of the system (2} us-
ing the Pojcaré®s small parameter method. Expanding the function Q into trigonomet-
ric series we confirm that it is of the order of k®. Assuming the quantity / to be
arbitrary and Q = K2Q*, we can use the Poincaré's method to establish the
existence of a new family of periodic solutions of the problem using the modulus %  as
the small parameter [2].

16)]

Setting k=0 we obtain from (2) the following simplified system
v, @
v
By" = 3;‘:)“ )y Yo' = -@f-

V={?i—-mc}(ms2 22 pshr o
’ ¢ VA Ty

Multiplying both parts of (4) by z,' and y,’ respectively, and integrating, we obtain

2y’ = 2 (h — mge) cos? -"'1‘;-§— +0,

Vi

2 Y
%' =2 {h— mge) sh? 7‘9.;_1.——{- Cy

Here Cy-+ C3=0, which follows from the Jacobi integral (3)
If the arbitrary constants %4 and C, are restricted by the conditions h — mge > 0,
and €y <0, the system (4) admits the following solution
Yo . 30 (wy, %)
VZ =" cn (wﬂi “)
* = (407 — C)) [ A®, 0 =[2(h — mge) [ AT"
wp =0T —1), i=1,2

. Ty
Sin 7‘2:- == ¥ SN (w” ;‘}, sh

with the period T = 401K ().
The system of differential equations in its first order approximation

Ly

2 r;___z_, h ing %o P 7
1 7 (B — mge) (sin Va - €08 VA @) = Q%Y

” 2 Yo 5 Y
%" — — (A — mge) (sh2 Va -} ch? -}7%-) Py == — FCl¥a,”

where @,* is the value of the function Q* at k=0 has the solution

zlmxo'{g Be e 4Byt S-;:-gmd"t}
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570 Motions of a heavy solid with a fixed point

yl:yo"{& 5;3’2 d1+64+ S”{/‘Eﬁ-mdf}

2y =V Aonen (wy, %), = YV Aox ~..=S *z tyo!
0 V (we, %)y W' Y. u) W Qo*zy'yo' dv
where P; are arbitrary constants,
Since the system {2) is invariant under the substitution T— ~—7, z -2,
Yy~ —y, ¢ = —=z’, y’ - y’, the conditions of the periodicity of the solution can be
written, in accordance with the symmetry theorem [3], as follows;

- . (%)
Yr=2"(0)=0, $=2"(7|2)=0

Y=y (O =0, Y=y(T/2)=0

1t can be shown that conditions {5) will be satisfied if Y19 %0, Jg <=0 and
;o { D (Y $,)
m Dn B |y

Equations (5} can be written in the explicit form as follows;

= 0= 7?39'1”;“2“ (M (1, %)+ 3 — w2y — By Y Arno? =0

xi<T> VA o {3 M (%, ®)—1} -+ B, VAxw'o2 =0
v1(0) = VABx o =0

yl(’—{g—)x -VZ%JM(M ®) — YV APsox’ =0

M (%, %) = E () — %2K ()

and the latter relations yield
Jyg = 20 [n — M (% w0,

2
Jaq == mﬁ'f (%, %Y=£0

This means that the system (2) admits the new family of periodic solutions of the pro-
blem in question,
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